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ABSTRACT 

We define a level-0 action of Uq{s\.2) on the sum of level-1 irreducible highest 
weight modules. With the aid of the affine Hecke algebras, this action is realized 
on the basis created by the vertex operators. This is a g-analogue of the Yangian 
symmetry in conformal field theory. 



1. Introduction 



At the use meeting, a new symmetry structure in conformal field theory (CFT), 
the Yangian symmetry of the spinon basis, was introducedB. The aim of this paper 
is to investigate the g-deformation of this mathematical structure. Before stating the 
main achievement in this paper, let us briefly review the developments in this subject. 

Results suggesting a possible fermionic description of the CFT spectrum were 
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first obtained by Ref.@ for certain critical lattice models. Closely related results 
appeared earlier in the mathematical literature (see e.g., Ref.S). Analysis of the 
spectrum of these models from the Bethe ansatz yielded fermionic expressions for the 
conformal partition functions (see Refs.i'ffllieBiiii for further developments). 
This suggested a possible alternative description of the states in CFT, the spinon 
basis of Refs.Bi. 

The underlying algebraic structure, the Yangian symmetry, has been suggested 
from quite a different direction. The relevant subject was the diagonalization of 
the Calogero-Sutherland model with spin degrees of freedomiili and the Haldane- 
Shastry modelHi. Their spectrum is described by an asymptotic Bethe ansatJ^l. 
However the multiplicity of states had never been explained until the works^l'i, which 
show that the model has a symmetry generated by a YangianEl. The multiplicities are 
identified with the dimensions of the highest weight representations of the YangianEl'i. 

It turns out that the level-1 integrable highest weight module (IHWM) of the 
affine Lie algebra si2 has the same Yangian structure as the space of states of these 
long range interaction models at a special value of the coupling constant. This fact 
was established by constructing the new spinon basis in the level-1 ihwmII and 
considering the action of the Yangian on it. The spinon basis is generated by the spin- 
1/2 primary field operator in the level-1 su{2) WZW model. The character formula 
derived in the spinon basis coincides with the fermionic representation. Recently, the 
extension of spinon basis to the higher level case has also been investigatedi. 

Now let us turn to our motivation in this work. In Refs.0'0, Faddeev and Takhta- 
jan analysed the structure of the space of the states in the XXX model in the infinite 
volume limit. In Refs.0@, the symmetry structure of the off-critical XXZ model in 
the infinite volume limit was determined by means of the representation theory of the 
quantum affine algebra Uq{sl2). The structure of the space of states was understood 
as the level-0 representation on Endc(?^) where Ti. is the direct sum of the level-1 
irreducible highest weight f/q(s [2) -modules. The vacuum states are identified with 
certain degree operators, and the excited states are created by the type II vertex 
operator acting on the former. 

This is similar to the Yangian structure we mentioned above, in the sense that 
we have a level-0 action. However, the space Endc(7i) is much bigger than the space 
7i itself, which goes to the IHWM in the conformal limit. It is still unclear how the 
level-0 structure on Endc('^^) is related to the Yangian structure on Ti in conformal 
field theory. As for this point, see the recent paper by Nakayashiki and Yamada0. 

The mathematical content of the Yangian structure was known since Drinfeld 
and other Jii0. Namely, there is a functorial construction of Yangian representations 
from certain representations of the degenerate affine Hecke algebra. In Ref.0, Chari 
and Pressley gave a construction of level-0 f/g(s[„) -modules from finite-dimensional 
representations of the affine Hecke algebra. In this paper, we apply their construction 
to the level-1 [/^(s [2) -module Ti and obtain a new level-0 action on it. For this 
purpose, following Ref.i, we use the basis of H created by the type I vertex operator. 
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The construction of such a basis was discussed in Ref.0 in a more general context 
corresponding to the XYZ model. We do not know if the 'new' level-0 action of 
Uq{sl2) on level-1 modules is related to some physical models, in a way the Yangian 
structure is. 

Before closing the introduction let us point out some technical details, except for 
which our construction is a straightforward generalization of the methods given in 
Refs.0iii. 

(i) We are forced to consider infinite sums of products of the components of vertex 
operators. We will introduce suitable completion of the W-spinon' space to clarify 
the mathematical content. 

(ii) Because of the fusion relation, which connects the W-spinon' sector to the 
'(A^ — 2)-spinon' sector, we must check the compatibility of the level-0 action in these 
different sectors. This is technically non-trivial. 

2. Vertex operators 

The purpose of this section is to fix the notation concerning level-1 modules and 
vertex operators. Throughout this paper we fix a complex number q such that < 

111 < 1- 

2.1. The module V^s 

Let U = Uq{sl2) denote the quantum affine algebra with the standard generators 
Ci, fi,ti = q^^ {i = 0, 1) and q'^. We shall identify Ug {sl2) with the subalgebra of U 
generated by ei, We retain the coproduct A and the antipode a in Ref.@, e.g. 

A(ei) = Ci ® 1 + ti O Ci, A(/i) = /i O tri + 1 o J^, 
A(g^) = g'^ ® g'^ {h = hi,d). 

In this paper we shall also use the opposite coproduct A°p = cr o A {ax ®y = y ®x). 
We let ?7°P denote the algbera U equipped with the opposite coalgebra structure 
determined by A°p. 

Let V = Cvj^Q)Cv^ be the irreducible two-dimensional module over Ug (SI2) • The 
affinization of V is the fZ-module 

Vaff = spanc{ve,n \ s = ±,n E Z} 

given as follows. 
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In terms of the generating series 

n 

the action of U reads eov+{z) = zv-{z), eiV-{z) = Vj^{z), and so on. 

2.2. Vertex operators 

Let V{Ai) = U\i) be the integrable level-1 module of U with highest weight 
vector \i) {i = 0, 1). Set H = V{Ao) © ^(Ai). We have the homogeneous gradation 
n = ®r>oT-(-r such that Ho = C|0) © C|l). 

For an element / G EndcTi, the (opposite) adjoint action of a; G f/ is given by 

where A(x) = J^^ii) ® ^{2)- For f,gE EndcTi and u eH we have 

ad°Px./o^ = 5:ad°Px(2)./oad°Px(i).^, (2.1) 
x.fiu) = ^ad°Px(2)./(x(i)M). (2.2) 

With this action we regard Endc^i as an f/°P-module. 
Proposition 1 There exists a unique embedding of the U°^-module 

Kff — ^ EndcT^, v,,n ^ (2.3) 

such that 

l>;,o|o) = |i), i.!._ji) = |o). 

The elements $* „ G Endc^i will be referred to as components of the vertex oper- 
ator of type I. To make contact with the usual formulation, introduce the generating 
series corresponding to v^iz) 

n 

Then ( f^.3D is [/"^-linear if and only if (i) ^^^TCr C TCr+n for all n, r, and (ii) the 
following map is f/'-linear: 

U (g) Ve{z) ^ ^*{z)u. (ueH) 

Here U' signifies the subalgebra generated by Ci, fi,ti {i = 0,1) with the original 
coproduct A. Hence $*(-2) has the same meaning as the one employed in Ref.Eil. 

For reasons of weights, $* „ sends V{Ai) to V{Ai_i). We will sometimes write the 
restriction to ^(Aj) as 
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2.3. Spanning vectors 



Set Vn = Kl^, V = ®n>oVn- The embedding (^) gives rise to an ?7°P-linear 
map 

p : V — > EndcH, (2.4) 

Acting on the highest weight vector |0) we obtain 

Po : V n, (2.5) 

Ve„n,®---(»Ve^,n^ ^ l-^^^^ ■ ■ ■ <l:^_„^ |0). (2.6) 

Proposition 2 T/ie map po is 1/°^ (£[2) -linear and surjective. 

Proof. The f/°P (£[2) -hnearity follows from (|2.2| ) and the fact that |0) belongs to the 
trivial representation of Ug (s[2) . Note that the image of po contains |0), |1) = $!J_ q|0), 
and hence /o|0) = Using this and ( p.2| ) one checks readily that the image is 

also invariant under the action of U. The surjectivity follows from the irreducibility 
ofV{A,). □ 

The vectors ( |2.6| ) thus constitute a spanning set of Ti, and we have an isomorphism 
of ?7°P {SI2) -modules V/Ker pq^^H. In section 3 we will determine Kerpo. 

2.4. Relations among vertex operators 

Let us summarize here the properties of vertex operators which will be used later. 
To state them we introduce the generating series 

V,,,...,,{z„...,z^) = ''^=' ^ j.:i^"-^^)(^i) ■ ..^<^-^'^-\z^). (2.7) 

llj<kV[^k/ Zj) 

Here pj = (j = A^mod 2), = 1 (j ^ A^mod 2), and we have set 

^^"^ = 7£^' (-;p)oo = na-p"-)- 

Note that ( p.7|) comprises only integral powers of Zj: 

m,i,...,m]vGZ 

Each coefficient ¥'ei,...,ejv;mi,- -,mjv has a well-defined action on 7i. 
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We use the following i?-matrix R{z) G EndcV" V regarded as a power series in 



z. 

z — q 
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1 — q'^z 1 — q'^z 

f^/ N - 1) 1 - 

R{z)v_ (g) f+ = (g) f_ + -; —v^ (g) f+. 

1 — q'^z 1 — 

In general, for an element A G EndcV" we set 



^fc(^)9'ei---£jv,mi---mjv ^ V^ei---e'j.---ejv,mi---mjv^£'fc£fc 



where = X^e' "^e'^e'e- The Yang-Baxter equation for Rj,k{z) = {nj ® 'nk)\R{z] 
then reads as follows. 

Rk,k+l{z2/ Zi)Rk+l,k+2{zz/ Zi) Rk ,k+l{zz / Z2) 

= Rk+l,k+2{zz/ Z2)Rk,k+l{Z'i/ Zl) Rk+l ,k+2{z2 / Zl). 

Proposition 3 The following relations hold: 
Commutation Relation 

V'ei,-,£j,£j+i,--,£]v(^l' ■ ■ ■ ' ^i' ■ ■ ■ ' ^n) (2.( 

= -Rjj+i(^i+i/^i)v^£i,-,£j,ej+i,--,£iv(^ii ■ ■ ■ i ^i' ■ ■ ■ ' ^n)- 

Fusion Relation 

</^£i,--,£iv(^l; ■ ■ ■ ) ^Af) 



i-1 

= (-g)^-^-+(^-^)/^4,+£,,..o n(-^ - n (^-'^. - ^'-^) 

i=l i=i+2 

xV'£i,-,£j_i,£j-+2,--,£jv(^i5 ■ ■ ■ ' %+2) ■ ■ ■ ? ^A^)- (2-9) 

Highest Weight Condition (/^^-^^...^^^(zi, ■ ■ ■ , zn)\Q) is a power series in z^. 

The first two are direct consequences of the corresponding propertie sS-S-ii of 
and the last one is obvious. We remark that, in the literature, the commuta- 
tion relations are written in the sense of (analytic continuation of) matrix elements. 
Thanks to the analyticity properties of type I vertex operators, they are valid also as 
formal series (see the remark at the end of A. 4 in Ref.cJ). It is also possible to verify 
these relations directly using bosonization (see Ref.0). 

We end this section with a lemma, to be used later. 
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Lemma 4 //max(mi, ■ ■ ■ , rriN) + r > 0, then 

V^si-ejv.mi-mAT^r = 0. (2.10) 

Proof. Suppose that nij = max(mi, ■ ■ ■ , mAr). If j = then rriN + r > and ( |2.1CI|) 
follows. If j < N, then by applying ( p.8| ) for k = j we can rewrite the left hand side 
in the form 

'p£l---£j£j+l---£N,'mi---mjmj+i---inN 

~ ^ ^si---£'.£'-^---£M,mi---,mj+i-k,rnj+k,---Tni^C^'e'-^^,ej£j+i ■ 

3 3 + i 
k>0 

Since max(mi, ■ ■ ■ , rrij^i — k, rrij + fc, ■ ■ ■ , mjy) = rrij + fc, the statement follows by 
induction. □ 

Remark. Taking r = we find that (/^^-^^...^^^(^i, • • ■ , -Zat) |0) is actually a power series 
in Zi,---,Zn. 

3. Basis of leveI-1 modules 



3.1. Completion oJVn 

In order to study the kernel of po? we deal with a generating series corresponding 
to ( |2.7|) , whose coefficients are certain infinite sums of fei,ni ® ■ ■ • ® '^SN^nN- ^^e 
precise formulation we introduce a completion of Vat = . 

For each r G Z, let 

V^^ = Spanc{t;ei,mi ® ■ ■ ■ ® t^e^,miv I "^1 H VniN =r]. 

Setting 

D{mi, ■ ■ ■ , mAf) = max(mi + m2 + ■ ■ ■ + mAr, ■ ■ ■ , ttin-i + mAf, "TiAf) 
we define a decreasing filtration 

Vj^^[/] = spanc{t;ei,mi ® ■ ■ ■®Ver,,mM ^ '^'n I D{mi, ■ ■ ■,mAr) > /}. 
Denote by the completion of Vjy with respect to this fihration. 

vJ) = iimvi;Vvi,^)[/]. 

We set = ©rGzV?\ V = ®n>o%- Since <I* „K C K+n and K = for s > 0, 
we have p (V^''[/]^ Hg = ii I + s > 0. It follows that the map p, and hence po, 
extends to the completion: 

p' : V' — > EndcH, p;, : V' — > H. 
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3.2. Generating series ^^^^...^^^(zi, ■ ■ ■ , zjq) 

Let pj and rj{z) be as in (|2.7|) . We define an analogous generating series whose 
coefficients are in V^: 

Y^N ^{N-j-Pj+PN)/2 

^£l,-,£jv(2^1,---,2;7v) = -^Z! ^ 7 V,-^{zi) (g) ■ ■ ■ (g) V^^{zn) 

llj<kV[^k/ Zj) 

— F . . . ^-'"JV (o-i) 

mi,---,mjvG^ 

If we set 

iV-l 

Z+,Ar = rafc(0,---,-l,l,---,0) I rai,---,nAr_i G Z>o}, 

K = ■ ■ ■ , Kat), = (iV - j -pj +pAr)/2, 

then the Laurent coefficients have the form 

(ni,---,njY)S 
(mi,---,mjY) + K+Z_|_^^ 

for some c„^,...,„^ G C. Since 

D{mi, ■ ■ ■ , - 1, m^+i + 1, ■ ■ ■ , mAr) > D{mi, ■ ■ ■ , m^, m^+i, ■ ■ ■ , miv), 

the sum -Fei...£^,mi---mjv converges to an element of V^[/] with / = D{mi, ■ ■ ■ ,miy). 
Conversely 

1^ei,ni ® ■ ■ ■ ® V^j^^ripf ^ ^ Cmi,---,mjv-^ei---ejv,mi---mjv 

■■■.»" at) 
e(".i,-","]v)-'^+z+^]V 

for some Crm,-,mM ^ C. 

5". 5". Second completion 

By the definition we have 

P (-^ei---e]v,mi---mjv) V-'ei---ejv,mi---mjv ^ End^?^. 

Therefore the commutation relation (|2.8| ) entails 

Proposition 5 T/ie Laurent coefficients of the following belong to Ker p' . 

~-Ri,i+l(%+l/^i)-^£i,--,£,,ej+i,-,e]v(^l> ' ' ' > ^J+b ' ' ' ' ^n)- (3.2) 



Let us introduce the second filtration in Vj^^^ . 

^n\[^]] = cl.spanc{F£^...£^,„j...„^ e | max(mi, ■ ■ • , mjv) >m} 

where cl stands for the closure in V'. We denote by V^'^ the completion of Vjy^'' with 
respect to this filtration 

V?=limV;i^Vv?^[N], 

and set Vjv = ®rezVP , V = ®n>oVn- 

In view of Lemma ^ and Proposition ^, we see that the maps p' and p'q extend 
further to V: 

p : V — > EndcH, Po : V — > H. 

After preparing the second completion we can state (see (|2.9|) ) 
Proposition 6 The Laurent coefficients of the following belong to Ker p. 



2j + l=9 



AT 

i=l j=i+2 
X-^ei, ■■■,£j-i,ej+2, (^1' ■ ■ ■ ' %+2) ' ' ' ) ^A^)- (3-3) 



3.4- Kernel of po 

From the remark at the end of 2.4 we see that Ker po contains 

Fe^-eN,mi-mM with TTij > for somc j. (3.4) 



The Laurent coefficients of ( ^.2[ ) and ( p.3[ ) reduce to finite sums modulo Kerpo, and 
therefore Ker po contains (|3.2[) and (|3.3|) in reduced form. Thus, it follows that 



V/Ker Po ~ V'/Ker po ~ V/Ker po ^ 7^ . 

Let A/" C V be (the closure of) the span of elements (|3.2|) , (|3.3|) and 
Proposition 7 

v/A^ - n. 

This can be verified as follows. As we will show in Proposition 8, the general 
expression Vsi,ni ® • ■ ■ ® Wejv,n]v can be reduced modulo A/" to a certain normal ordered 
form. We then count the number of such normal ordered expressions to find that the 
character of V/Af is dominated by that of TC. Since po : V ^ 7i is surjective, this 
proves the proposition. In fact this working has already been discussed in the papeJil. 



9 



(Note that the properties of the elhptic algebra assumed in Ref.El are all valid for 
quantum affine algebras.) Hence it suffices to show that the 'normal ordering rules' 
of Ref .0 are consequences of ( p.2| ) and ( |3.3| ) . 
Define 

_ ^{l+ej)/2 

F £i,-,£iv(Ci, ■ ■ ■ , Ca^) = T-^ — N-il^ ^ I. ; — -— -^-£1-- £jv(^i, • • • , ^^at) (3.5) 

where zj = (j. Note that the coefficients of (|3.5| ) are well-defined in V. 
Proposition 8 The following belong to Ker p. 

-^ei-^^ee^--ejv(Cl5 ' ' ' ; Cfc+l, Cfc, " " " , Ca^) 

k,k+l 

— -^ei--_^-e]v(Cl! ■ ■ ■ ! Cfc, Cfc+1; ' • ' ; Cn), (3.6) 

k,k+l 

(Cfc+1 + Q'CA:)(-F£i-^-^-e]v(Cl; ' ' ' ; Cfc+1, Cfc? ' ' ' ; Ca^) 

k,k + l 

+-F£i---^--l-^---e]v(Cl) ■ ■ ■ ) Ck+1, Ck, - ■ ■ 

k,k + l 

— {Ck + (lCk+l)(^F e-^... +_ ...e^(Cl, ' ' ' , Ck, Cfc+1, " " " , Ca^) 

k.k+l 

+F s^...^-j^...£,^{Ci, ■ ■ ■ ,Ck, Ck+1, ■ ■ ■ , Cn))- (3.7) 

k,k + l 

These relations are precisely the normal ordering rules in Ref.El. 

Proof. Let us write A ~ 5 to mean that A — B & Ker p. Then (|3.6| ) is shown as 
follows. 

(C15 ■ ■ ■ ; Cfc+l; Cfc? ■ ■ ■ ; Cn) 

k,k+l 

T-rAr /-{l+ejO/S /I 2 / \ 

_ lij=lCi Zk{l - q^Zk+l/Zk) 

~ nf=i n,<fc(l - (I'^k/zj) Zk+i{l - q'^Zk/zk+i) 

l^l) ■ ■ ■ 5 ^k+l, Zk, ■ ■ ■ , Zn) 

k,k+l 

T-fN A(l+ej)/2 



n^i ^ nj<fc(i - q^Zk/ Zj) 

xF_ej (2:1, ■ ■ ■ ,Zk, Zk+l, • • • , Zn) 

k,k+l 

F £i-„_£^-£]v(Cl5 ■ ■ ■ ) Cfc? Ck+1-, ■ ■ ■ , Cat)- 
fe,fc+l 
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Similarly, we have 

" e\--- ±q: ■■■£iv 



k,k + l 



1 - q^Zk/Zk+l 



fc,fc+i 



1 - q^Zk/zk+i 

k,k+l 

The statement ( p.7|) follows from this. □ 



3.5. Hecke algebra 

In section 4 we will define a 'new' level-0 action of U on the level-1 module Ti. 
For this purpose we need to rewrite the commutation relation ( |3.2| ) in the language 
of Hecke algebras. 

Define S G EndcV ® V by 

Sv^ (g) t>_ = (g — q~^)v^ C?) t>_ — t>_ (g) 
The operators Sjj+i G EndcV"*^^ (j = 1, ■ ■ ■ , A^— 1) satisfy the Hecke algebra relation 

Sjj+i - ^ij+i = 9 - (3-8) 

Sj,j+iSk,k+i = Sk^k+iSjj+i (|j — A;] > 1), (3.9) 

'S'ij+i'S'j+i,j+2'S'jj+i = Sj+ij+2Sjj+iSj+ij+2- (3.10) 

The i?-matrix -R(-2) can be written as 

R{z) = ^1^, (3.11) 
qz — q ^ 

Substituting (|3.11|) in ( p.2|) we obtain formally the relations of the form 

- Gj- j+i)F<,,,...,s^(zi, ■ ■ ■ , ztv) ~ 0, (3.12) 

where 

Gfi = "^''"'y^ K.^k - 1) + q^' (3.13) 

Zj Zk 

and Kj^k signifies the exchange of variables Zj and Zk- The G^.j+i (j = 1, ■ ■ ■ , — 1) 
satisfy the same relations (p.8|)-( pTT0D as do Sjj+i. 



11 



The operators Gj^k and Kj^k are acting on formal Laurent series /(zi, ■ ■ ■ , z^) in 
Zi, - ■ ■ , zn, and preserve C[zi, z^^ , ■ ■ ■ , z^, ^'tlX However, even if the coefficients of 
j{z\^ ■ ■ ■ , zat) all belong to V, those of Gj^kf{zi, ■ ■ ■ , zn) no longer do so in general. 
In order to make sense of ( p.l2| ) we need some consideration given below. 



3.6. Local series 

Consider a series in {zi, ■ ■ ■ , zn) with coefficients in Vn, 

(3.14) 



mi,---,mjvt 



where fmi,---,mN ^ ^n- We call f{zi, ■ ■ ■ , ^at) /oca/ and homogeneous if there exists an 
m G Z such that 

fmu-,mM e V}7'^"'"''^''[["^ + niax(mi,---,mAr)]], (3.15) 

for all mi,---,mjv. In general, we call f{zi, ■ ■ ■ , zn) local if it can be written as 
a finite sum of local homogeneous series. The generating series ... £^(2:1, ■ ■ ■ , zn) 
( |3.1| ) is local in this sense. 

An important property of local series is the following: 
Lemma 9 Consider an arbitrary Laurent series homogeneous in zi, ■ ■ ■ , zn-' 



c{zi, ■ ■ ■ , Zn) — ^ '^ki,--,kN^l^ 



'TV • 

fclH l-k^—l 



If f{zi, ■ ■ ■ , z^) is local, then the product c{zi, ■ ■ ■ , zj\f)f(zi, ■ ■ ■ , z^) is well-defined in 
V. 

Proof. Expand the product 

c{Zi,---,ZN)f{zi,---,ZN) 

/ \ 

5Z ^ki,---,kN fmi+ki-'-rriN+kM 

We must show that each coefficient 



-mi ^—rriM 

' " Zn 



fmi---mff 5^ Cki^---^kN fmi+ki- 



■rriN+kN 



is convergent in Vat. This holds since there are only finitely many k/s such that 
max(mi + ki, - ■ ■ , rriN + kjq) is bounded from above and ki + ■ ■ ■ + k^ = I. □ 

In particular, we can multiply any homogeneous element in the ring of Laurent 
series that are convergent on the unit circles l^il = ■ ■ ■ = \zn\ = 1. We note however 
that the product c{zi, ■ ■ ■ , ZN)f{zi, ■ ■ ■ , zn) is not necessarily local. 
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Lemma 10 If f{zi, ■ ■ ■ , z^) is local, then Gj^kf{zi, ■ ■ ■ , zn) is well-defined and local. 
Proof. Applying Gj^k to a monomial we obtain an expression 



-nij -ruk 



Gj,kZj ^fc ^ "^n/nt ^.j ^fc 

where the sum is taken over nj, nk such that Uj + Uk = rrij + and max(nj, n^) < 



max(mj,mfc). Therefore if ( |3.14| ) is local and homogeneous, then the coefficients of 
Gj^kfi^i, ■ ■ ■ , Zn) have the form 



where rrij + = rij + Uk and max(mj, m^) > max(nj, Uk). The lemma follows from 
this observation. 



□ 



3. 7. The 'S = G' relations 



Let us return to the relations ( ^.12[ ). 
Proposition 11 The relations (\3.2{) are equivalent to 



(SjJ+l - Gjj+i)Fe^,...,e,^{zi, ■■■ ,Zn) 0. 



(3.16) 



(zi, ■ ■ ■ , Zj^i, Zj, - ■ ■ , Zn) 



Proof Write (g^) as 
F 

ei,---,£j,ej4-i,---,ejv 

~ -Rj,i+l(^j+l/^i)-^ei,-,e3,ej+i,--,e]v(^l5 ' " ^ ^J; ^i+l; " ' ^ ^n)- 

Multiplying g^j+i — q^^zj we obtain 

{QZj+l - q ^Zj)Fe-,^...^ej,ej+i,-,eNi^l^ ' ' ' ) ^J+b Zj, ■ ■ , Zn) 



(3.17) 



(3.18) 



Conversely, by multiplying the Laurent series l/{qzj+i — q ^zj), which is convergent 
for \zj\ = \zj-^i\ = 1, we get (|3.17| ) from ( |3.18|) . Thus (|3.17|) and ( p.l8|) are equivalent. 



The relation (|3.18|) is equivalent to 

{zj+i - Zj)(^{Sjj+i - Gjj+i)Fe,,..,SMizi, Zn)) ~ 0. 



Set 



('S'jj+l — G'i,j+l)-^ei,-,e]v(^l) ■ ■ ■ 5 Zn) — ^ 

mi,---,mjv€Z 



m\,---,mM 1 N 



(3.19) 



(3.20) 



Then ( p.20|) is local, and we have 
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Using this repeatedly, we find /imi,- -,m]v ~ 0- □ 
4. New action 

4-1- Affine Hecke algebras 

The action of (s[2) on each Vat = extends naturally to the completion 
V. The subspace Af C V, given as the span of (|3.16| ), ( ^73|) and (|3.4|) , is invariant 
with respect to this action. This can be seen explicitly by noting that [5*, A°p(x)] = 
(Vx G Uq{sl2)) and that the vector 

v+ V- — q~^V- v+ (4.1) 

belongs to the trivial representation of Uq (s[2) . Hence H ~ V/Af is an Uq {sl2)- 
module. We will extend this to the level-0 action of the quantum affine algebra U. 

Recall that, given complex numbers Uj ^ (j = 1, ■ ■ ■ , iV), one can extend the 
Uq (s[2) -module Vat to the evaluation module over U (denoted by 7ra^^...^a^) 

vrai,...,ajv(eo) = «j^i(/i)^i+i(^r^) ■ • • 7riv(tr^), (4-2) 

N 

7rai,...,a^(/o) = 5I«7^7ri(ti) ■ ■■7rj_i{ti)7ij{ei), (4.3) 

vrai,.,a^(to)=vri(tr')---vr^(tr')- (4-4) 

However this action does not descend to H because it violates the condition eoAf C Af 
and foAf C Af. The remedy is to replace the numbers aj by suitable commuting 
operators, to be given below. 

Following Ref.i let us introduce the operators 

Y, = {G-]^,K,,^,) ■ ■ ■ {G-i,K,^^y^ (Ki.G,,) ■ ■ ■ (G,_i,ir,_i,) 

^ ^ii+i ■ ■ ■ ^N-i,N^Gi,2 ■ ■ ■ Gj^ij, (4.5) 

where Z = K12K13 ■ ■ ■ Ki^^p^^ and p^^ denotes the scale operator 

/^/(Zl,---,2iv) = f{zi,---,pZj,---,ZN). 

At this stage the parameter p is arbitrary, but we will make a specific choice of it 
later on. 

The operators (j = 1, ■ ■ ■ , — 1) and Yj (j = 1, ■ ■ ■ , A^) are known to 

satisfy the relations for the affine Hecke algebra Hn- Namely we have, in addition to 

[G',,,+i,n] =0, {j,j + l^k). 
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In what follows, for an operator X G EndcC[2;i, Zi^, - ■ ■ , z^, z^^] we define X G 
EndcViv by setting 

(^-^ei---£iv;mi,---,miv) ^l"^^ ' ' ' ^ ~ -^-^£i---eiv (^1; ' ' ' j ^n)- 

Notice that XY = YX. 

We now define 7r'^^^(eo), T^^^\fo) by the right hand side of ( [4 .21 ) and ( ^^31 ) respec- 
tively, wherein we set 

a, = g^-iy.-^ (4.6) 

The following says that they leave the subspace A/" invariant. 
Proposition 12 Let p = q^. For x = Cq or Jq, we have 

7r(^)(x)(S,-,+i - ■ ■ ■ , ^at) ~ 0, (4.7) 

(7r'^^\x)F,^...,^{zi,---,Zj,Zj+i,---,ZN)) I _ _2 

~(-g)^-^-+(^-^)/^4,+.,,..on(-^-9'^.) n 

1=1 i=j+2 

X7r(^~2)(x)F<,j...^^(zi, • • • , ^j+i, • • • , zn), (4.8) 

belongs to the kernel of po 

if mj > for some j. (4-9) 

This proposition gives us 
Theorem 13 The formulas with the choice ( j^.^ j O'nd p = de- 



fines a level-0 action of U onH. 

The rest of the text is devoted to the proof of Proposition The statement 



( |4.9| ) is valid because the operator Yj keeps the spce C[zi^ ,■ ■ ■ , Zj^^] invariant and 
preserves the degree. 

4.2. Proof of g;^ 

For this the parameter p can be arbitrary. The way of verification is the same as 
m Ref.0. Consider the case x = cq and set 

f^'^ = rfk{fiW+i{t^')---Mti'). 
Clearly e^^^ commutes with Gjj^i and Sjj+i if k j,j + 1. Using 

S{fi®t^') = {l®f^)S, (4.10) 

and [YfT'^, Sjj+i] = 0, we have 

= Srh,q'^-'Yr^f(^^'^ + {q-q-')ei^\ 



^0 "^jj+i — "^jj+iy ^j+iJ 
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On the other hand, from Gjj+iYjGjj+i = Y,+i and [Gjj+i, /^'^^j = 0, we find 

= G,,^,q'^-'Yr^\f^^^ + iq-q-')ei^\ 
e^r'G,,^, = G-^^^-^Yr^f^^^. 
Therefore, we have 

(cq^ + ■')('S'jj+i — 
Q-i _r7-i "irt^-iy-ifO+i) 



Hence 



neo)(5'jj+i - Gjj+i)F,^...,^{zi, ■ ■ ■ , zjv) 



xF£j...£^(Zl,---,2;Ar) ~ 0, 



which completes the proof for cq. 

The case x = fo can be shown similarly by using 



S{ti ® ei) = (ei ® 1)^. 



The verification of ( [4 .81) is technically more complicated. For this it is necessary 
to choose p = q^. In view of (|3.2| ) it suffices to consider the case j = — 1. The case 
X = fo being similar, we concentrate on the case x = eo- 

For convenience we use the decomposition of the ?7°p (s[2) -module Vi^V = V^^^ © 
V^-^\ the superscripts indicating the dimensions. For s = 1 or 3 let v^^^ = Y.e,e'^e ® 
Ve'C^^) be a vector in V^^''). We have 

= _g-l^;(3), 5^(1) = ^^(1). (4.11) 

Writing ■ ■ ■ , ^^tv)^?' as F^^...^(s)...,^{zi, ■ ■ ■ , zn), we shall verify 

separately for s = 1,3. 



The case s = 3: From (|4.5| ) and ([4.10|) , we have 



■£JV 

N 



E f'''^'^ ^N~l,N ■ ■ ■ Sjj^iGj\ j ■ ■ ■ G']^^2-^ej...e^(2;2, ■ ■ ■ , Zn,P ^ Zi] 
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From (13.31) we have K 



£l---£Ar_2c(3) 

N 



0. Therefore, we are to show 



ei---e]V-2C 



(3) 



{Z2,- ■■,zn,P ^Zi) 



0. 



S'fej) i . The sum of the terms for j = N — 1 and j = N reads 



Because of ([4 .111) and G^v-i 



ei-eiv-2c(3)(^2, ■■ ' ,Ziy,p ^ Zi) 

N _2 — ^he sum ( |4.12|) vanishes. 



(4.12) 



2]V='?"^ZiV-l 

^. Note that S2,3Si^2{V ® l/^^^) C 1/. Therefore, for j < - 2 the 

term 



(4.13) 



f^^^SN-i,N ■ ■ ■ Sjj+iGjlij ■ ■ ■ GilF^^...^j^_^c(3)(z2, ■ ■ ■ ,zn,P ^zi) 
is a hnear combination of 

Gj-l,j ■ ■ ■^l,2-^£i--£^_3c'(3)£^(^2, ■■ ■ ,Zn,P ^Zi) 

where J2e,e' ® "^e'C^e^ € V^*^^\ Therefore, at = q~'^ZN-i the term ( |4.13|) vanishes. 

The case s = 1: Next we consider the case of -F'ei...£^_2c(i)) where v^^^ = Y.e,e'^e ® 
Vs'C'^J, is given by ( f4.1|) . Below, we give a complete proof for < 6. We have verified 
the general case by a similar method. 
We set 



(g-g ^)zj 

Zj Z}^ Zj Z}^ 



_ q 'Zj-qzk 



{q-q ^)zk 
Zj Z}^ 



(4.14) 



so that Gj^k = Bj^kKj^k + C'j.fc and G^- j = Bj^^Kj^k + C'j.fc- 



Lemma 14 S2,zSi,2Ve ® ^'•^^ = 5' 



-17,(1) 



Lemma 15 



(^1, ■ • ■ , 2;^-, ^j+l, • • • , ^7v) 



(2:1, 



= {-q) ^(l + q )F^i...,£^_i,e,.+2,...£^(zi,---,2;j_i,2;j+2,---, 
i-i Af 

X n (^fc - n (^"^% - (i^^k)- 

k=l k=j+2 
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We are to show 

|^g2 j{Ar) Sn-i,n ■ ■ ■ Sjj+iGj\j ■ ■ ■ G^^ 



N 



N-2 



N-2 



X [Fs,...e^_^{z2,---,ZN-2,P ^ Zi) ]]_{Zk - q'^Zn- 



(4.15) 



k=l 



Step 1. By using Lemma and Lemma |T5], the relation ( |4.15| ) reduces to 



N-2 



Ar-2 



A:=l 



x{f<,j...^^_2(z2,---,^JV-2,P ^^l) X{ {Zk- q^ZN-l)] 

\^f'^^^ G N^-2,N -I ' ' ' ^1,2 X 

i(z2,---,2;Ar,]9~^2;i)} 



£1---£JV_2C' 



0. 



(4.16) 



(4.17) 



If iV = 2, this is ~ 0. If = 3, the left hand side is 

(1 - q^)z2f^''^F,,{p-^z^) + g'{/(')GriF,^ea)(^2, z^,p-\,)} 
We have (see ( [4.14|) ) 

/^'^G'i;^F,^,,i)(^2,^3^-';^i) 

= -q-\Bi^2Ki,2 + Ci^2)Fs,--{z2,Z3,p-^Zi). 

We have Si,2^i,2^£i--(2;2, 2;3,p~^2;i) = 5i,2i^£i--(2;i, 2;3,P"^2;2). If = q~'^Z2, then 
we have p~^-22 = q~'^z^. (Here we used p = q'^-) Therefore, we have 



5l,2^1,2i^ei--(22,^3,P ^Zi) 



0. 



23=9 22 



23=17 22 



Noting that Fej__(z2,23,P ^2:1) 
we obtain that ([4.17|) belongs to N . 

Lemma 16 C2,3Gri = {G^]2 + ^^2,3)6^1,3. 
Lemma 17 



/(i)F,^(p^i2;i)(2;2-2;i) and using (CT) , 



~ ~ C'jj+i)Fe^...£jy (zi, ■ ■ ■ , 2;^, Zjj^i, ■ ■ ■ , zjv). 
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Remark. In applying Lemma ^ more than once, we must be careful about ordering 
the factors. For example, for = 5 we have 

B3^4B2,AF,^e2S3cW (^4, Z2, Z3, Z^^p'^Zi) 



Step 2. By using Lemma |1^ and Lemma |17|, we have 

^jv-2,JV-i ■ ■ ■ ^i2^-^ei--eiv_2c(i) i^2, - ' ' ,Zn,P ^ Zi) 

~ {(^JV-3,]V-2 ~^ ^ N-2.N-l){G + C]v_3,]V-l) ' ' " {G + C2,N-l) 
~l"(^JV-4,JV-3 G N-Z,N-l) ' ' ' (^12 ~l~ C*2,JV_l) (>S'jv_3,iV_2 C*jv_2,JV-l) 

N-5,N-4, ~^ C*]V-4,]V-l) ■ ■ ■ (*S']v_3,]V-2 C'jV-2,JV-l ) (»S']V-4,]V-3 C]V-3,]V-ly 
+ ■■• 
+ (*S']v_3, 



C*iV_2,JV_i) (iSjx 



-l) ■ ■ ■ ('^12 C'2,]V-l) I 



ei---e]V-2C 



{z2,---,zn,P ^Zi) 



ZN=q ^ZN-1 



-Bn-2,N-1 ■ ■ ■ B2N-1B1N-1F 



£ir--i£iv-2>c 



(1) 



{Zi, - ■ ■ ,Zn-2,Zn,P ^Zn^i) 



2JV=<? 2iV-l 

(4.18) 



Note that the last term vanishes when f^^^ is applied: 



ei,---,e]V-2,c 



(1) 



ZN-2,Z]y,p ^Zn~1 



0. 



For N = 5, the derivation of ( [4.18| ) goes as follows. By using Lemma ^ we have 
the equality 

^N-2,N-1 ■ ■ ' '^2,N-l-Dl,N-1^3A^2,3^1,2 
= C'3,4G2,3'^1,2 + -^3,4^2^46' 2-^3^4 

= (^2,3 + G3^4,)C2,4:Gi^ + B^^A^C 2,aG i^K^^ii + 53,4-82,4^^ 4/^2,4-^^3,4 
~ (^2,3 + C'3,4)(G'i 2 + C'2,4)C*1,4 + -S3,4(G']^ 2 + ^"2,4)^1,4-^3,4 
+-^3,4-^2,4^1,4-^2,4-^^3,4 + -B3,4-B2,4-Bl,4-^l,4-^2,4-^3,4 



Using Lemma 17, we have ([4.18 



Step 3. In the right hand side of ( [4.18| ), if we pick up the terms 



1 r^^^ 

'^N-3.N-2^N-4,N-3 



~^N~4,N-3^N-5,N-4 



■ '-^2,3'-^l,2 
■ ■ 2'S'Af-3,Af-2 
+ ^Af-5,Af-4 ■ ■ ■ G'l,2'S'Af-3,Af-2'S'Ar_4,Ar_3 

+ ■ ■ ■ + 'S'Ar_3,Ar_25'Ar_4^7V-3 " " " 'S'2,35'1^2} X 



xCi,^_iF^^...^^_2^{i)(2;2, 



zn-,V ^zx) 
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they cancel the first term in ( [4.16| ). For example, for = 4 we have 



Z4=q-^Z3 



0. 



Lemma 18 (G^-J+i + Cj+i^Ar_i)Cj^Ar_i = Cj+i^Tv-iCj^+i. 

Step 4- Using Lemma |TB|, we can show the cancellation of the terms obtained 
by setting formally Gi l = Sj\i^s^n-2 = in ( [4.18[ ). For example, for = 4, we have 

(^2,3 - <^2,3)^eie2c(i) (^2,^3, 2^4, 



0. For = 5, we have 



{(^2,3 + C'3,4)C2,4 ~ ^^2,4^3,4 ~ C'3,4(5'l,2 — C*2,4)} 



X 



XF^^^^^^^(1){Z2,Z3,Z4,Z5,P ^Zi) 



Z5=q ^24 



|C'3,4G'2,3 — 6*2,46*3^4 — C3,4(G'2,3 — 6*2,4)} X 



£l£2e3C 

0. 



a) (^2 , Z3, Z4, Z5,p 



Z5=q ^24 



Here we used Si^2F^_^e2£3C' 



W{Z2,Z3,Z4,Z5,P ^2:1) ~ G*2,3i^ei£2e3c(i) (£2,^3,^4,2:5, P ^^^l)- 

Step 5. The remaining terms on the right hand side of ( |4.18| ) are grouped into 
three categories: the terms containing (i) but not ^3^^-21 (ii) 'S'Ar_3,iv-2 but 
not Gi\, (iii) both G^^ and S'Ar_3,Ar_2- 

The terms in (i), (ii), (iii) do not contain Kj^N-i, Kj^n (1 < j < — 2). There- 
fore, if we apply these terms to F^-i^...£^_^cw{z2, ■ ■ ■ , zn,P~^zi) in ( [4.16[ ), the positions 
of zj^^i and zn in F^j^...£,^_2cw{z2, - - ^ zn,P ^Zi) do not change. Therefore, using 

C*i,Ar_i = - — ^ ^ ) N 1 ^ relation (|4.16| ) (to be proved) reduces to the form 



zn-1 - Zi 

N-2 



-/'■^"^^{(G'7V-3,Af-2 + Cn- 
+ (G'7v_4,Af-3 + Gn-Z^N-i) ■ ■ ■ 



-1) ■ ■ ■ ('^1.2 + C*2,Ar-l) 



N~3,N-2 



-c 



N~2,N-1 



+ --- + {Sn-3 ,N-2 

~ 0, 

where we used the abbreviation 



— C*Ar_2,Af-l) • • ■ (5*1,2 — C2,Ar-l)}AF 



(4.19) 



Af-2 



1), 



k=2 



{Z2, ■ ■ ■ , ZN-2,P ^Zi). 
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Let us write zy = p and 



q ^ZN-2~qzi' (g-g ^)zn-2 , . 

tjAf-2,1' = -f^ Af-2,1 H • (4.2(Jj 

ZN-2 — Zy Zn^2 — Z\i 



Then, the relation ([4.1 9|) reads 



N-2 

^^S'Ar_3,Ar_2 ■ ■ ■ Sj^jj^\G j\ j ■ ■ ■ Gj^ ^^F 

i=i 

_j(Af 2)|(G'^^_3 jy_2 + C'Ar_2,Ar-l) " " " (C^ 2 + C'2,Af-l) 
+ (^Af-4,Ar-3 + Cn-Z,N-2) ' " " (G'Ar_2,l' " CAf-2,Af-l) 
+ ■ ■ ■ + (G'Ar_2,l' — C'Af-2,Af-l) ' ' ' (^2,3 ~ C*2,Ar-l) }^-^ 

~ 0. 

Let us call the terms in the first sum in the left hand side of this relation "the 
wanted terms" or for short WT. The second sum contains WT. The proof is over if 
we show the terms in the second sum other than WT (we call them "the unwanted 
terms" or for short UWT), vanish. We will show this statement by induction on iV. 
For N = 2 and = 3, the statement is trivial. For = 4, the statement holds 
because 6*2,3 — 6*2,3 = 0. In general, we show the terms (i), (ii),(iii) other than WT 
separately cancel. For example, for = 5 we have 

(^2,3 + C*3,4)(G']^ 2 + ^2,4) + (G^l,2 + C*2,4)(G3,i/ — C3,4) + (6*3, 1' — C3,4)(G'2,3 — ^72,4). 

UWT in (iii):0 
UWT in (i) + (iii): 

{(^2,3 + ^'3,4)^1,2 + ^1,2(^3,1' ~ ^'3,4)! — (62 36*1 2 + ^1,2^3,1') 
= (^^3,4 ~ C*3,4)6'i 2 — 0- 

UWT in (ii) + (iii): 

'^1,2 + C'2,4)6'3,i' + 6*3,1/(6*2,3 — 6*2,4)! ~ (^1,2^3,1' + G*3,i'6*2,3) 
(6*2,4 ~ 6*2,4)6*3,1' = 0. 



For = 6 we have 



(^3,4 + C*4,5) (6*2,3 + C*3,5)(6*i 2 + 6*2,5) 
+ (^2,3 + C'3,5)(6*i 2 + 6*2,5) (6*4,1' — C*4,5) 
+ (^1,2 + C*2,5)(6*4,l' — 6*4,5)(6*3,4 — 6*3,5) 
+ (6*4,1' — 6*4,5) (6*3,4 — 6*3,5) (6*2,3 — C*2,5) 



The cancellation of the terms in (iii) reduces to the case A^ = 4. 
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The terms in (i) + (iii) are 

('^3,4 + C'4,5)(G'2_3 + C's.s)^']^ 2 
+ (^2,3 + ^3,5)Gl^iG4:,l' — ^4,5) 
+^1,2(^4,1' — C'4,5)(G'3,4 ~ C'3,5)- 

Except for the terms in (iii), which are aheady done, we can commute Gi l with the 
terms located on the right of Gil. By moving Gil to the right end, the statement 
reduces to the cancellation of UWT in 

(^3,4 + ^4,5)(G'2^3 + C*3,5) + (^2,3 + C*3,5) (^4,1' — 6*4,5) + (6*4,1' — C*4,5)(G'3,4 — Ca^s). 

This is nothing but the case = 5. We omit the further details. 
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